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Interaction between two modes of field mediated by two quantum dots in a photonic
crystal cavity
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We show unusual cooperative two-photon resonance between two-modes of field inside a photonic
crystal cavity. The two-photon resonance occurs when two off resonant quantum dots emit one
photon in each cavity mode and de-excite simultaneously. In the presence of phonon coupling
the conditions for two-photon resonance change significantly. Using such two-photon two-mode
interaction we propose to generate entangled state of two qutrits. The basis of a qutrit are formed
by the state of the cavity mode containing 0, 1 and 2 photons. We also discuss effect of phonon
coupling on negativity of the generated entangled state.
PACS numbers: 03.65.Ud, 03.67.Mn, 42.50.Dv
I. INTRODUCTION
Semiconductor quantum dots (QDs) embedded in a
photonic crystal cavity has emerged as a new paradigm
in cavity quantum electrodynamics1. These on-chip sys-
tems have been extensively explored theoretically and
experimentally in last two decades, particularly, in the
quest of scalable quantum optical technology2. Various
quantum optical phenomenon such as enhanced exciton
decay rate3, vacuum Rabi splitting4, Rabi oscillations5,
Mollow triplets have been successfully observed6. A
huge success has also been achieved in realization of
nonclassical light sources of entangled photons7–10 and
indistinguishable single photons11. Analogous to elec-
trons in atoms, excitons in QDs have discrete energy
levels. However, QDs are semiconductor material there-
fore exciton-phonon interactions are inevitable12,13. In
a typical experiment, a QD embedded in the pho-
tonic crystal cavity is excited by an external field
incoherently14 or by using recently developed coherent
pumping methods15 and the fluorescence is detected. Sig-
nature of phonon interaction in QDs have been observed
first in the system using incoherent pumping which re-
sults in exciton dephasing and cavity mode feeding from
off-resonant QD cavity interaction16. In incoherently
pumped QDs phonon induced off resonant interactions
with charged excitons generated during pumping and
wetting layer continuum states have been found respon-
sible for these phenomenon17. Using coherent pump,
the problems such as transitions from charge excitons
and wetting layer do not contribute significantly and the
only dominant effect is exciton-phonon coupling. Fur-
ther, phonon interaction become more prominent in off-
resonant interaction between QD and electromagnetic
field. Therefore off-resonant QD-cavity QED provides
a platform for studying exciton photon and phonon in-
teraction together6,18–21. Various new phonon-assisted
phenomenons in off-resonant QDs have been observed re-
cently. For example exiton and biexciton states can be
prepared with high fidelity22, using off-resonant pumping
field, in the presence of phonon interaction. For gener-
ating exciton state the laser pulse is tuned above the
exciton resonance and for biexciton preparation laser is
tuned resonant to exciton transition making exciton to
biexciton transition off resonant by the binding energy
of biexciton. The population inversion which can not
be achieved in two level systems has been demonstrated
in two level QDs due to exciton-phonon coupling when
pump field is tuned above the exciton resonance23. Fast
control of QD laser emission has also been demonstrated
using acoustic pulse24. Various new features due to
phonon interactions have been observed in Mollow triplet
for off-resonant QD-cavity system6. All these studies
have been done using single QDs. Recently, Mazumdar
et al have observed excitation transfer between two QDs
embedded inside a photonic crystal cavity18. In our ear-
lier work, we have also predicted that phonon induced
two-photon interaction between two off-resonant QDs20
could be very large. In this work we show that exciton-
phonon interaction in off-resonant QDs in a bimodal cav-
ity can lead to unusual two-photon resonant interaction
between two cavity modes. We also predict that such in-
teraction can be exploited in generating entangled state
of two photons, emitted through two-modes, of the form
|ψ〉 ∼ (|0, 2〉+ |1, 1〉+ |2, 0〉)/√3. A lot of work has been
done for generating entangled state of two photons of the
form |φ〉 ∼ (|x1, x2〉 + |y1, y2〉)/
√
2, in a bimodal cavity
through biexciton cascaded decay21,25,26. Here 1& 2 are
two modes in frequency and x&y are two orthogonal po-
larizations. Here we show phonon assisted generation of
entangled qutrit state of two photons emitted from two
cavity modes.
Our paper is organized as follows. In Sect.II, we
present our model for resonant two-photon interaction
between two modes and develop theoretical formulism us-
ing recently developed master equation techniques27. We
discuss two-photon two-mode resonant interaction using
population dynamics, probabilities for photon emissions
and spectrum of the generated photons in Sect.III. We
discuss entanglement between two modes in terms of
negativity and show its dependence on temperature in
Sect.IV. Finally, we conclude in Sect.V.
2II. POLARON TRANSFORMED MASTER
EQUATION FOR TWO QDS IN A BIMODAL
CAVITY
In order to include phonon interaction we derive po-
laron transformed master equation for two separated
QDs interacting off-resonantly with two modes of field
inside a photonic crystal cavity. We consider exciton res-
onance frequencies are same in both QDs and are equal to
ωx. The Hamiltonian in the rotating frame with exciton
resonance frequency is given by
H = −h¯δ1a†1a1 − h¯δ2a†2a2 + h¯
∑
i=1,2
(giσ
+
1 ai + g
′
iσ
+
2 ai
+H.c.) +Hph. (1)
Here δi = ωx − ωci is detuning between exciton reso-
nance and cavity mode of frequency ωci , gi & g
′
i are
dipole coupling constants of first & second QDs with
ith cavity mode, σ+1 & σ
+
2 are exciton creation oper-
ator in QDs and ai is photon annihilation operator in
ith cavity mode. We notice that a similar Hamiltonian
for single QD interacting with two modes has been real-
ized in an experiment to demonstrate photon blockade28
in QD-cavity system. A single QD is coupled to both
horizontally and vertically polarized cavity modes due
to orientation mismatch of its dipole by angle θ. In
this case the coupling constant with cavity modes have
the form g1 = g cos θ and g2 = g sin θ. The longitudi-
nal acoustic phonon bath and exciton-phonon interac-
tions are included in Hph = h¯
∑
k ωkb
†
kbk+λkσ
+
1 σ
−
1 (bk+
b†k) + µkσ
+
2 σ
−
2 (bk + b
†
k); where λk and µk are exciton
phonon coupling constants and bk & b
†
k are annihila-
tion and creation operators for kth phonon mode of fre-
quency ωk. In order to keep exciton-phonon coupling
up to all order we use polaron transformed Hamilto-
nian. The transformed Hamiltonian H ′ = ePHe−P with
P = σ+1 σ
−
1
∑
k
λk
ωk
(bk − b†k) + σ+2 σ−2
∑
k
µk
ωk
(bk − b†k); can
be written as the sum of terms corresponding to cavity-
QD system, phonon bath and system-bath interactions
as H ′ = Hs +Hb +Hsb, where
Hs = −h¯∆1a†1a1 − h¯∆2a†2a2 + 〈B〉Xg, (2)
Hb = h¯
∑
k
ωkb
†
kbk, (3)
Hsb = ξgXg + ξuXu. (4)
The polaron shifts
∑
k λ
2
k/ωk,
∑
k µ
2
k/ωk are included in
the effective detunings ∆1 and ∆2. The system opera-
tors are given byXg = h¯
∑
j=1,2(gjσ
+
1 ai+g
′
jσ
+
2 aj)+H.c.,
Xu = ih¯
∑
j=1,2(gjσ
+
1 aj+g
′
jσ
+
2 aj)−H.c. and the phonon
field fluctuation operators are ξg =
1
2 (B+ + B− − 2〈B〉)
and ξu =
1
2i (B+ − B−) where B± = exp[±
∑
k
λk
ωk
(bk −
b†k)] = exp[±
∑
k
µk
ωk
(bk − b†k)] are phonon displacement
operators with expectation value 〈B〉 = 〈B+〉 = 〈B−〉.
The multiplication by 〈B〉 (which is smaller than 1 for
finite temperature) in the system hamiltonian shows re-
duction in QD-cavity couplings in the presence of phonon
interactions. We use transformed Hamiltonian H ′ and
Born-Markov approximation to derive polaron master
equation for describing the dynamics of the system. The
spontaneous emission, cavity damping and phonon in-
duced dephasing are also included in Lindblad form. The
Lindblad super operator corresponding to an operator Oˆ
is defined as L[Oˆ]ρ = Oˆ†Oˆρ − 2OˆρOˆ† + ρOˆ†Oˆ. The fi-
nal form of master equation in terms of reduced density
matrix for cavity-QDs coupled system ρs is written as
27
ρ˙s = − i
h¯
[Hs, ρs]− Lphρs
−
∑
i=1,2
(
κi
2
L[ai] + γi
2
L[σ−i ] +
γ′i
2
L[σ+i σ−i ]
)
ρs, (5)
where κi is photon leakage rate from ith cavity mode and
γi, γ
′
i are spontaneous decay, dephasing rates for ith QD,
and
Lphρs = 1
h¯2
∫ ∞
0
dτ
∑
j=g,u
Gj(τ)[Xj(t), Xj(t, τ)ρs(t)] +H.c.(6)
where Xj(t, τ) = e
−iHsτ/h¯Xj(t)e
iHsτ/h¯, and Gg(τ) =
〈B〉2{cosh[φ(τ)] − 1} and Gu(τ) = 〈B〉2 sinh[φ(τ)]. The
phonon bath is treated as a continuum with spectral
function J(ω) = αpω
3 exp[−ω2/2ω2b ], where the param-
eters αp and ωb are the electron-phonon coupling and
cutoff frequency respectively. In our calculations we
use αp = 1.42 × 10−3g21 and ωb = 10g1, which gives
〈B〉 = 1.0, 0.90, 0.84, and 0.73 for T = 0K, T = 5K,
10K, and 20K, respectively, these values match with re-
cent experiments27,29. The system-phonon interactions
are included in phonon correlation function φ(τ) given
by
φ(τ) =
∫ ∞
0
dω
J(ω)
ω2
[
coth
(
h¯ω
2KbT
)
cos(ωτ) − i sin(ωτ)
]
,(7)
where Kb and T are Boltzmann constant and the tem-
perature of phonon bath respectively.
We are interested in two-photon cooperative interac-
tion between two cavity modes, therefore we work in
the condition when QDs are far off-resonant with cav-
ity modes, i.e. the detunings between cavity modes and
exciton resonance in QDs are much larger than their
couplings (∆1, ∆2 ≫ gi, g′i). Under such condition
the master equation (5) can be further simplified, us-
ing Hs = −h¯∆1a†1a1− h¯∆2a†2a2 and neglecting the terms
proportional to gi and g
′
i in the expression ofXj(t, τ). Af-
ter such approximation master equation takes the perfect
Lindblad form which provides clear picture of different
processes involved in the dynamics. The approximated
3Lindblad form of master equation (5) is given by
ρ˙s = − i
h¯
[Heff , ρs]
−
2∑
i=1
(
κi
2
L[ai] + γi
2
L[σ−i ] +
γ′i
2
L[σ+i σ−i ]
)
ρs
−
2∑
i,j,k,l=1,i6=j
Γ−−kl
2
(a†lσ
−
j a
†
kσ
−
i ρs − 2a†kσ−i ρsa†lσ−j + ρsa†lσ−j a†kσ−i )
−
2∑
i,j,k,l=1,i6=j
Γ++kl
2
(σ+j alσ
+
i akρs − 2σ+i akρsσ+j al + ρsσ+j alσ+i ak)
−
2∑
i,j,k,l=1
Γ+−kl
2
(a†lσ
−
j σ
+
i akρs − 2σ+i akρsa†lσ−j + ρsa†lσ−j σ+i ak)
−
2∑
i,j,k,l=1
Γ−+kl
2
(σ+j ala
†
kσ
−
i ρs − 2a†kσ−i ρsσ+j al + ρsσ+j ala†kσ−i ),(8)
where first term represents effective interaction between
QDs and cavity field, second term represents leakage
from cavity modes, spontaneous decays, and pure de-
phasing processes, and the other terms represent phonon
induced cavity-QD interactions. The effective Hamilto-
nian is given by
Heff = Hs − ih¯
2∑
i,j,k,l=1
Ω+−kl a
†
lσ
−
j σ
+
i ak +Ω
−+
kl σ
+
j ala
†
kσ
−
i
−ih¯
2∑
i,j,k,l=1,i6=j
(
Ω−−kl a
†
lσ
−
j a
†
kσ
−
i +H.c.
)
(9)
The terms containing Ω+−kl and Ω
−+
kl are corresponding
to Stark shifts (for i = j, k = l), excitation transfer
between QDs (for i 6= j) and photon transfer between
cavity modes (for k 6= l). The last term for k = l rep-
resent cooperative two-photon interaction between two
QDs and one cavity mode, and for k 6= l represents un-
usual cooperative interaction between two QDs and two
cavity modes. The coupling constants for these processes
are given by
Ω±∓kl =
gkgl
2
∫ ∞
0
dτ
(
G+e
±i∆kτ −G∗+e∓i∆lτ
)
(10)
Ω−−kl =
gkgl
2
∫ ∞
0
dτ
(
G−e
−i∆kτ −G∗−e−i∆lτ
)
, (11)
with G± = 〈B〉2(e±φ(τ)−1). The rate of phonon assisted
excitation transfer between QDs and photon transfer be-
tween two modes, Γ±∓kl , and phonon induced two photon
processes, Γ±±kl , are given by
Γ±∓kl = gkgl
∫ ∞
0
dτ(G+e
±i∆kτ +G∗+e
∓i∆lτ ) (12)
Γ±±kl = gkgl
∫ ∞
0
dτ(G−e
±i∆kτ +G∗−e
±i∆lτ ). (13)
We solve master equation (5) numerically using quantum
optics toolbox30. For large detunings, the results ob-
tained from approximate Lindblad form of master equa-
tion (8) and the polaron master equation (5) match very
well.
III. COOPERATIVE TWO-MODE
TWO-PHOTON INTERACTION
In order to reveal phonon induced two-photon
interaction between two cavity modes, we consider
QDs are off-resonantly coupled with cavity modes. In
off-resonantly coupled QD-cavity systems the exciton-
phonon interactions play vital role. We further consider
QDs have equal coupling strength gi and equal detuning
∆i with ith cavity mode. In Figs.1 & 2, we consider
different coupling strengths with cavity modes g1 6= g2,
while in Figs. 3&4 we consider g1 = g2. Initially the
QD-cavity system is in state |e1, e2, 0, 0〉, i.e. both QDs
are in exciton state and there are no photons in the
cavity modes. We plot photon emission probabilities
P10 = κ1
∫∞
0
〈g1, e2, 1, 0|ρs(t′)|g1, e2, 1, 0〉dt′ from state
|g1, e2, 1, 0〉, P01 = κ2
∫∞
0
〈g1, e2, 0, 1|ρs(t′)|g1, e2, 0, 1〉dt′
from state |g1, e2, 0, 1〉, those are equal to the pho-
ton emission probabilities from sates |e1, g2, 1, 0〉
and |e1, g2, 0, 1〉, respectively. We also plot pho-
ton emission probabilities from two photon states
P20 = 2κ1
∫∞
0 〈g1, g2, 2, 0|ρs(t′)|g1, g2, 2, 0〉dt′,
P02 = 2κ2
∫∞
0
〈g1, g2, 0, 2|ρs(t′)|g1, g2, 0, 2〉dt′,
P11 = (κ1 + κ2)
∫∞
0
〈g1, g2, 1, 1|ρs(t′)|g1, g2, 1, 1〉dt′
from states |g1, g2, 2, 0〉, |g1, g2, 0, 2〉, |g1, g2, 1, 1〉. In
Fig.1, we fix detuning of first cavity mode from exciton
resonances to ∆1 = −5g1 and scan detuning of second
cavity mode. In subplot (a), when the phonon inter-
actions are absent, the probability of photon emission
P02 from state |g1, g2, 0, 2〉 has almost symmetric bell
shape, having a peak at ∆2 = 0 which reflects that
when second mode is resonant with two QDs the
cooperative emission in state |g1, g2, 0, 2〉 is dominating,
leading to hyperraddiant31 behavior in high quality
cavity. For positive values of ∆2, probability P11 starts
dominating and has a peak at ∆2 = 3.5g1 which indi-
cates resonant two-mode cooperative transitions from
state |e1, e2, 0, 0〉 to |g1, g2, 1, 1〉 where both excitons
decay simultaneously after emitting one photon in
each cavity mode. The resonance condition is given
by ∆1 + ∆2 + 2g
2
1/∆1 + 2g
2
2/∆2, i.e. when sum of
frequencies of cavity modes is equal to the sum of exci-
ton frequencies including Stark shifts. The probability
P20 (cyan line) remains negligible for all values of ∆2
indicating weak transition to state |g1, g2, 2, 0〉. The
photon emission probabilities P10 (red line) and P01
(blue line)from states |g1, e2, 1, 0〉 and |g1, e2, 0, 1〉 also
remain low and show dips when two photon transitions
in cavity modes are dominating. In subplots (b), (c),
and (d) we introduce coupling with phonon bath at
temperatures T = 5K, T = 10K, and T = 20K
4respectively. In the presence of phonon interaction the
peak at ∆2 = 3.5g1 in probability P11, corresponding
to resonant two-mode two-photon interaction disap-
pears, which is due to the fact that the transition
paths |e1, e2, 0, 0〉 → |g1, e2, 1, 0〉 → |g1, g2, 1, 1〉,
|e1, e2, 0, 0〉 → |e1, g2, 1, 0〉 → |g1, g2, 1, 1〉 and
|e1, e2, 0, 0〉 → |g1, e2, 0, 1〉 → |g1, g2, 1, 1〉,
|e1, e2, 0, 0〉 → |e1, g2, 1, 0〉 → |g1, g2, 1, 1〉 become
distinguishable due to the frequency difference be-
tween phonon involved in facilitating these off-resonant
transitions. As a result the constructive interference
responsible for two-mode two-photon resonant interac-
tion diminishes. However, the probability P02 dominates
for positive values of detuning due to the enhanced
two-photon interaction with second mode followed
by phonon emission in bath at low temperature20.
On increasing bath temperature enhancement for
two-photon interaction between single mode two-QD
and two-mode two-QD for negative values of ∆2 also
occurs. For ∆2 = ∆1, a tiny resonance peak appears
in P11 where P02 and P20 follow a dip, showing phonon
induced resonant two-mode two-photon transition to
state |g1, g2, 1, 1〉. The phonon assisted off-resonant
cooperative transitions are not significantly large for
negative detunings. The probabilities P10 (red line)
and P01 (blue line) remain small indicating small
emission probabilities from individual QDs. In Fig.2,
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FIG. 1: Photon emission probabilities from the cavity
modes, P10 from state |g1, e2, 1, 0〉 (red line), P01 from state
|g1, e2, 0, 1〉 (blue line), P20 from state |g1, g2, 2, 0〉 (cyan
line), P02 from state |g1, g2, 0, 2〉 (green line), P11 from state
|g1, g2, 1, 1〉 (black line). The parameters are g2 = 1.5g1,
∆1 = −5g1, κ1 = κ2 = 0.05g1, γ1 = γ2 = γ
′
1 = γ
′
2 = 0.01g1.
we fix detuning from first cavity mode to positive value
∆1 = 5g1. As expected without phonon interaction
Fig.2(a) is mirror image of Fig.1(a). However, when the
interaction with phonon bath is considered at T = 5K
in Fig.2(b), the probability P20 dominates for negative
values of ∆2. For positive values of ∆2 > 5g1, the
probability P02 dominates, indicating enhanced two
photon transition in second mode. Further on increasing
∆2 the probability P20 decreases and probabilities P11
and P02 increase. For ∆1 ≈ ∆2 probabilities P20 and P02
corresponding to two-photon transitions in individual
cavity modes are equal and follow a minima whereas
the probability P11 corresponding to phonon assisted
cooperative two-mode two-photon transitions has a res-
onance peak. On increasing phonon bath temperature,
in Fig.2(c) and (d), the two-photon transitions followed
with phonon absorption are enhanced as a result the
probabilities P02 and P11 increase for negative values
of ∆2. The probabilities P10 and P01 corresponding to
emission from individual QDs remain very small. It is
clear that by changing detuning with the second cavity
mode ∆2 one can change the nature of the interaction
of the first cavity mode. In Fig.3 and Fig.4, we consider
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FIG. 2: Photon emission probabilities from the cavity
modes, P10 from state |g1, e2, 1, 0〉 (red line), P01 from state
|g1, e2, 0, 1〉 (blue line), P20 from state |g1, g2, 2, 0〉 (cyan
line), P02 from state |g1, g2, 0, 2〉 (green line), P11 from state
|g1, g2, 1, 1〉 (black line). The parameters are same as in Fig.1
except ∆1 = 5g1.
same dipole coupling strengths with both modes g1 = g2.
It is clear from subplots Fig.3(a) and Fig.4(a), that
in this case the resonance peak in probability P11
corresponding to cavity induced dominating two-mode
two-photon interaction is negligible. For ∆1 = −5g1〈B〉,
in Fig.3(b), (c) and (d), the probability P02 has a peak
at ∆2 = 0 corresponding hyperradiant behavior and
dominates for positive values of ∆2 indicating phonon
assisted off-resonant interactions contribute significantly
for positive detuning. Further, in Fig.3(b), (c) and
(d), when temperature of phonon bath increases from
5K to 20K the probabilities P11 and P20 increases.
There is a small resonance peak in P11 at ∆2 = ∆1
corresponding to phonon induced two-mode two-photon
resonance which grows on increasing temperature as
phonon absorption probability increases. However the
peak at ∆2 = −∆1 corresponding to cavity induced
two-mode two-photon emission disappear as which-path-
information gets imprinted on phonon bath. In Fig.4,
the detuning for first mode is set to ∆1 = 5g1〈B〉. For
5negative values of ∆2, similar to Fig.2, the probability
P20 dominates. When the detuning ∆2 increases P02
and P11 increase and P02 dominates for ∆2 = 0 and
decreases to minimum value for ∆2 = ∆1 where P20
also has a minima and P11 has a peak corresponding to
phonon assisted two-mode two-photon resonance. From
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FIG. 3: Photon emission probabilities from the cavity
modes, P10 from state |g1, e2, 1, 0〉 (red line), P01 from state
|g1, e2, 0, 1〉 (blue line), P20 from from state |g1, g2, 2, 0〉 (cyan
line), P02 from state |g1, g2, 0, 2〉 (green line), P11 from state
|g1, g2, 1, 1〉 (black line). The parameters are g2 = g1, ∆1 =
−5g1, κ1 = κ2 = 0.05g1, γ1 = γ2 = γ
′
1 = γ
′
2 = 0.01g1.
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FIG. 4: Photon emission probabilities from the cavity
modes, P10 from state |g1, e2, 1, 0〉 (red line), P01 from state
|g1, e2, 0, 1〉 (blue line), P20 from state |g1, g2, 2, 0〉 (cyan
line), P02 from state |g1, g2, 0, 2〉 (green line), P11 from state
|g1, g2, 1, 1〉 (black line). The parameters are same as in Fig.3
except ∆1 = 5g1.
above discussions, we find that when detunings from first
cavity mode and second cavity mode ∆1 and ∆2 both
are negative the probabilities of single mode two-photon
transition and two-mode two-photon transition remain
small. However when both ∆1 and ∆2 are positive single
mode two-photon transition and two-mode two-photon
transitions are dominating. Further for ∆1 = ∆2
two-mode two-photon transition has dominating reso-
nance. Since these transitions are facilitated by phonon,
on increasing temperature the transition probabilities
increase. For higher temperatures two-mode two-photon
transition becomes almost independent of detuning ∆2
except at resonance ∆1 = ∆2 which reflects the fact
that at higher temperatures the transitions facilitated
by phonon absorption or emission are almost equally
probable.
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FIG. 5: The spectrum of emitted photons from cavity modes
for κ1 = κ2 = 0.1g1, γ1 = γ2 = γ
′
1 = γ
′
2 = 0.01g1. The
red line represents the photon emission from a mode of cavity
and blue line represents the photon emission from b mode of
cavity. The parameters are, in (a) g2 = 1.5g1, ∆1 = −5g1,
and ∆2 = 3.5g1, in (b) g2 = 1.5g1, ∆1 = 5g1, and ∆2 = 4.8g1,
in (c) g2 = g1, ∆1 = −5g1, and ∆2 = −5g1, in (d) g2 = g1,
∆1 = 5g1, and ∆2 = 5g1.
In Fig.5, we present calculated spectrum of cavity
modes Si(ω) =
∫∞
0 dt
∫∞
0 dτ〈a†i (t)ai(t + τ)〉 exp iωτ for
i = 1, 2. The two time correlation 〈a†i (t)ai(t+τ)〉 are cal-
culated using quantum regression theorem. We plot spec-
trum at different phonon bath temperatures T = 0K,
T = 5K, T = 10K and T = 20K. In order to accommo-
date four subplots for different temperatures, we normal-
ize the maximum peak in spectrum to 1 by dividing all
values by maximum value. The emitted spectrum from
cavity modes can be accurately understood using dressed
state in excitation manifold (number of excitons in QDs
plus number of photons in cavity modes). There could be
eight dressed states in two-excitation manifold which are
superpositions of |e1, e2, 0, 0〉, |e1, g2, 1, 0〉, |e1, g2, 0, 1〉,
|g1, e2, 1, 0〉, |g1, e2, 0, 1〉, |g1, g2, 2, 0〉, |g1, g2, 0, 2〉, and
|g1, g2, 1, 1〉. Two-excitation dressed state decay to
four possible dressed states of single excitation mani-
fold, which are superposition of |e1, g2, 0, 0〉, |g1, e2, 0, 0〉,
|g1, g2, 1, 0〉, and |g1, g2, 0, 1〉. The dressed states of single
excitation manifold finally decay to |g1, g2, 0, 0〉. There-
fore theoretically the spectrum of generated photon pair
can have as many as 36 peaks. However, for far off-
6resonant QDs and parameters used in our paper the
emission of photons occurs at exciton resonance fre-
quencies and cavity mode frequencies with Stark energy
shifts. In Fig.5(a), we plot spectrum of emitted photons
from cavity modes using parameters same as in Fig.1
for ∆2 = 3.5g1 where cavity induced two-mode two-
photon resonance appears. For ∆2 = 3.5g1, the emission
from state |g1, g2, 2, 0〉 is negligible. Therefore first mode
has one photon and second mode could have two or one
photon. We assumed both QDs are identical, the emis-
sion from first mode is identical to two QDs one photon
dressed states which show two peaks one around exciton
resonance frequency (ω − ω0 ≈ 0) and cavity mode fre-
quency (ω−ω0 ≈ −∆1 = 5g1). In the spectrum of second
mode four peak appear two corresponding one photon
two-QD dressed states and two peaks corresponding to
two-photon two-QD dressed states. When the tempera-
ture of phonon bath is increased the emission of photons
around exciton resonance decreases and emission around
cavity modes increases, indicating phonon assisted off-
resonant cavity mode feeding. In Fig.5(b), the spectrum
of the emitted photons for parameters used in Fig.2 and
detuning ∆2 = 4.8g1 corresponding to phonon induced
two-mode two-photon resonance, is shown. At T = 0K,
off-resonant cavity mode interactions are weak, the emis-
sion of photons appears around exciton resonance fre-
quency. For ∆2 = 4.8g1 and g2 = 1.5g1 spectrum of
both modes becomes degenerate. The cavity modes can
have one or two photons therefore the spectrum can
have four peaks corresponding to one photon two-QD
dressed states and two-photon two-QD dressed states.
When temperature of phonon bath is raised the interac-
tion with off-resonant cavity modes enhance and the pho-
tons are emitted at around cavity frequency mode. How-
ever due to Stark shifts emission from states |g1, g2, 2, 0〉
and |g1, g2, 0, 2〉 become degenerate, but emission from
|g1, g2, 1, 1〉 is distinguishable. In Fig.5(c)&(d), we plot
spectrum corresponding to parameters used in Figs.3&
4 and for ∆1 = ∆2 corresponding to phonon assisted
two-mode two-photon resonance. At T = 0K we get
two peaks around exciton resonance frequency similar
to Fig.5(b) as off-resonant cavity interactions are weak.
When temperature of the phonon bath is increased more
and more photons are emitted around cavity modes indi-
cating phonon assisted off-resonant cavity mode feeding.
Further for ∆1 = ∆2 = 5g1 the phonon assisted off-
resonant cavity mode interactions are stronger than for
∆1 = ∆2 = −5g1.
IV. ENTANGLEMENT BETWEEN TWO
MODES
If we ignore the spontaneous decay of QDs, i.e. when
both photons are emitted from cavity modes, the number
of photons emitted from each mode form the basis of a
qutrit32. The state of the emitted photons at time t can
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FIG. 6: Negativity of the generated entangled state of two
photons emitted through two modes at T = 10K, using pa-
rameters, in (a) same as in Fig.1, in (b) same as in Fig.2, in
(c) same as in Fig.3, and in (d) same as in Fig.4.
be described as
|ψ(t, τ)〉 ∼ {a†1(t)a†1(t+ τ) + a†1(t)a†2(t+ τ)
+a†2(t)a
†
2(t+ τ)}|0, 0〉, (14)
where τ is delay time between photons and state |0, 0〉 is
two mode vacuum state. In order to quantitatively mea-
sure the entanglement between two modes, we calculate
negativity for the entangled state of emitted photons.
The negativity for the state (14) is given by
N = |ρ20,11|+ |ρ20,02|+ |ρ11,02||ρ20,20|+ |ρ02,02|+ |ρ11,11| (15)
where ρij,kl are density matrix element for emitted
two photons through two modes. To reconstruct the
density matrix of photon emitted from the cavity modes,
coincidence measurements are performed. The photon
coincidence measurements are given by two time correla-
tion functions G2ij,kl(t, τ) = 〈a†i (t)a†j(t+τ)ak(t+τ)al(t)〉,
where t, τ are time of arrival of first photon at de-
tector, delay time for second, indices i, j, k, l are
corresponding to the mode from which photon is
emitted. If both photons are emitted from same
cavity mode i = j (k = l). Due to low collection,
photons are detected for all arrival times and delay
times. The reconstructed density matrix elements can
be written as ρ20,11 ∝
∫∞
0
dt
∫∞
−∞
dτG211,12(t, τ),
ρ20,02 ∝
∫∞
0
dt
∫∞
−∞
dτG211,22(t, τ),
ρ11,02 ∝
∫∞
0
dt
∫∞
−∞
dτG212,22(t, τ),
ρ20,20 ∝
∫∞
0
dt
∫∞
−∞
dτG211,11(t, τ), ρ02,02 ∝∫∞
0
dt
∫∞
−∞
dτG222,22(t, τ), and ρ11,11 ∝∫∞
0 dt
∫∞
−∞
dτG212,21(t, τ). We calculate negativity
corresponding to the parameters used in Figs.1, 2, 3,
and 4. We found in the absence of phonon interaction
negativity is higher than 0.5 for all values of ∆2 except
7around ∆2 = 0 where both photons are emitted from a
single mode. In Fig.6, we show negativity after including
phonon interaction at T = 10K. We find that photons
are maximally entangled for g1 = g2 and ∆1 = ∆2, and
negativity drops to zero for ∆1 6= |∆2, since which path
information is revealed by the phonons involved in facil-
itating off-resonant transitions when cavity modes have
different detunings. Further for g1 = g2 the spectrum
of emitted photons from both modes overlap perfectly
which makes both modes maximally entangled. We have
assumed that both photons are emitted through cavity
modes, the fidelity for emitting both photons through
cavity mode is larger than 0.8 for positive detunings
and is very small for negative detunings because of
asymmetric nature of phonon interactions. Therefore,
for parameters used in Fig.2 and Fig.4, one can generate
highly entangled two-mode two-photon state using
phonon assisted two-mode two-photon interaction.
V. CONCLUSIONS
We have predicted large phonon assisted two-mode
two-photon interaction in the system of two off-
resonantly coupled QDs inside a bimodal photonic crys-
tal cavity. We have found that the cavity induced two-
mode two-photon resonances, which appear for g1 6= g2,
are completely wiped out in the presence of exciton-
phonon interactions and the phonon assisted two-mode
two-photon resonances occur at ∆1 = ∆2. Further these
interactions are more pronounced for positive detunings.
Our results open a new route for generation of entangled
photons from chip-based QD-cavity systems.
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